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Abstract 

In this note we prove that each weak solution for the 3D Navier-Stokes system satisfies Leray-Hopf 
property. Moreover, each weak solution is rightly continuous in the standard phase space H endowed 
with the strong convergence topology. 

1 Introduction and Main Result 


Let U C be a bounded domain with rather smooth boundary L = dQ, and [r, T] be a fixed time interval 
with —oo < T < T < + 00 . We consider 3D Navier-Stokes system in U x [r, T] 


dv 

— - uAy + {y • V)y = -Vp + /, 

y I r 0; 


div y = 0, 
y\t=r = 


( 1 . 1 ) 


where y{x, t) means the unknown velocity, p{x, t) the unknown pressure, f{x, t) the given exterior force, 
and yrix) the given initial velocity with t ^ [t,T], x € Q, v > 0 means the viscosity constant. 

Throughout this note we consider generalized setting of Problem (11.11) . For this purpose define the usual 
function spaces 

V = {u G (Co°"(U))3 : div n = 0}, I 4 = cl(H-(n))3V, a > 0, 

where clx denotes the closure in the space X. Set H := Vq, V := Vi. It is well known that each Vo-, a > 0, 
is a separable Hilbert space and identifying H and its dual H* we have Vo C H G V* with dense and 
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compact embedding for each cr > 0. We denote by (•, •), H-H and ((•,•))! II'IIf the inner product and norm 
in H and V, respectively; (•, •) will denote pairing between V and V* that coincides on H x V with the 
inner product (•,•). Let be the space H endowed with the weak topology. For u,v,w € V we put 

b{u,v,w) = j ^ Uj-^ 

^ * j=i 


i^Wjdx. 

OXi 


It is known that 6 is a trilinear continuous form on V and b{u, v, v) = 0, if u,v € V. Furthermore, there 
exists a positive constant C such that 


\b{u,v,w)\ < C||tt||y||r;||v||r(;||y, 


( 1 . 2 ) 


for each u,v,w G L; see, for example, Sohr ifTTl Lemma V. 1.2.1] and references therein. 

Let / G L^(r,T;l/*) + L}{t,T]H) and yr G H. Recall that the function y G L‘^{t,T;V) with 
^ G L^(r, T; V*) is a weak solution of Problem (11.11) on [r, T], if for all u G L 


^ (y, v) + iy{{y, v)) + b(y, y, v) = (/, v) 


(1.3) 


in the sense of distributions, and 

y{T) = Vt- (1-4) 

The weak solution y of Problem (11.11) on [r, T] is called a Leray-Hopf solution of Problem (11.11) on [r, T], 
if y satisfies the energy inequality: 


Vr{y{t)) < Vr{y{s)) for all t G [s,T], a.e. s > t and s = r, 


where 


^r(y(?)) := 2 


+ 0 


if {C),y{0)dC, ?e[r,r]. 


(1.5) 


(1.6) 


For each / G L'^ H) and yr & H there exists at least one Leray-Hopf so¬ 

lution of Problem (11.11) : see, for example, Temam ifT^ Chapter III] and references therein. Moreover, 
y G C{[t,T],H^) and ^ G L^t,T-,V*) + If / G then, additionally, 

^ G La (r, T; V*). In particular, the initial condition (11.41) makes sense. 

The following Theorem 11.11 implies that each weak solution of the 3D Navier-Stokes system is Leray- 
Hopf one and it is rightly strongly continuous in H at all the points t G [t,T). This theorem is the main 
result of this note. 

Theorem 1.1. Let —oo < t < T < -boo, Pr € H, f € L'^ {t,T] V*) + L^(r, T; H), and y be a weak 
solution of Problem ( li.il) on [r, T], Then the following statements hold: 


(a) y G (7([r, T], Hyf) and the following energy inequality holds: 

Vr{y{t)) < Vriyis)) for allies G [r,T], t> s, 
where Vr is defined in formula ( li.6l) .' 


(1.7) 
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(b) for each t € [t, T) the following convergence holds: 

y{s) —^ y{t) strongly in H as s ^ t+\ 

(c) the function t ||2/(i)|P i^ of bounded variation on [r, T], 

Remark 1.2. Since a real function of bounded variation has no more than countable set of discontinuity 
points, then statement (a) of Theorem 11.11 weak continuity in Hilbert space H of each weak solution of 
Problem (11.11) on [r, T], yield that each weak solution of the 3D Navier-Stokes system has no more than 
countable set of discontinuity points in the phase space H endowed with the strong convergence topology. 
Theorem 1 1.1 I paitiallv clarifies the results provided in Ball HI; Balibrea et al. IH; Barbu et al. 13; Cao and 
Titi 111 ; Chepyzhov and Vishik Q ; Cheskidov and Shvydkoy ||6l ; Kapustyan et al. 0 [TQ ; Kloeden et al. 
US; Sohr iflTl and references therein. 

2 Topological Properties of Solutions for Auxiliary Control Problem 

Let —oo < T < T < + 00 . We consider the following space of parameters: 

U,,T := T- y)) x (r, T; F*) + L\t, T; H)) x H. 

Each triple {u, g,Zr) G Ur,T is called admissible for the following auxiliary control problem: 

dz 

Problem (C) on [r, T] with {u, g, Zr) G Ut,t- find z G L^(r, T ; V) with — G T; V*) such that 
z{t) = Zr and for all n G H 

^ {z, v) + u{{z, v)) + b{u, z, v) = {g, v) (2.1) 

in the sense of distributions; cf. Kapustyan et al. 0[IOl; Kasyanov et al. |[m[T2]l : Melnik and Toscano |[T4ll : 
Zgurovsky et al. |[T^ Chapter 6]. 

As usual, let A : C —>• C* be the linear operator associated with the bilinear form ((u, v)) = {Au, v), 
u,v & V. For u,v € V we denote by B (u, v) the element of V* defined by (B (u, v) ,w} = b(u, v, w), 

for all w G V. Then Problem (C) on [r, T] with {u, g, Zr) G UT-,r can be rewritten as: find z G L^(r, T; V) 

dz 

wifh — G L^(t,T;V*) such fhaf 
dt V ^ 

dz 

— + uAz + B {u, z) = g, in V*, and z{t) = Zr- (2.2) 

The following fheorem esfablishes fhe uniqueness properties for solufions of Problem (C). 

Theorem 2.1. Let —oo < t < T < +oo and u G L^(r, T; V). Then Problem (C) on [r, T] with {u, 0,0) G 
Ut-,t has the unique solution z = 0. 

We recall, fhaf {wi,W 2 , ■ ■ ■} C V is fhe special basis, if {{wj,v)) = Xj{wj,v) for each v € V and 
j = 1,2,, where 0 < Ai < A 2 < • • • is fhe sequence of eigenvalues. Lef be fhe projection operator 

of H onto Hm := spanjrci,..., Wm}, fhaf is PmV = YllLiiv, Wi)wi for each v ^ H and m = 1, 2,_ 

Of course we may consider P^ as a projecfion operator fhaf acfs from onto for each cr > 0 and, 
since = Pm, we deduce fhaf ||Pm||£(v^»;V';) ^ 1- Nofe fhaf (m^, = AJ(u;j, f) for each u G 14 and 

2 = 1,2 ,.... 
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Proof of Theorem \2J\ Let —oo < t < T < +oo, u G L^(r, T; V), and z be a solution of Problem (C) on 
[r, T] with {u, 0,0) G Prove that z = 0. 

Let us fix an arbitrary m = 1, 2,... . According to the definition of a solution for Problem (C) on [r, T] 
with (u, 0, 0) G the following equality holds: 


LA 

2 dt 


\PTnZ{f)\L‘ + v\\PmZ{t)\\v = b{u{t),PmZ{t),z{t)), 


(2.3) 


for a.e. t G (r, T). Since Pmz{t), Pmz{t)) = 0 for a.e. t G (r, T), then inequality (11.21) yields that 

b{u{t),PmZ{t),z{t)) < C\\u{t)\\v\\PmZ{t)\\v\\z{t) -PmZ{t)\\v, 
for a.e. t G (r, T). Therefore, equality (12.31) imply the following inequality 


1 d 


I PmZ 


+ \\PmZ{t)\\v {lz\\PmZ{t)\\v - C\\u{t)\\v\\z{t) - PmZ{t)\\v) < 0, 


(2.4) 


2 dt 

for a.e. t G (r, T). 

Let us set ipmit) := \\Pmzit)\\v {iz\\Pmz{t)\\v - C\\u{t)\\v\\z{t) - Pmz{t)\\v), for each m = 1,2,... 
and a.e. t G (r, T). The following statements hold: 

(i) V’m € L^(r, T) for each m = 1, 2,... ; 

(ii) V’m(f) < V’m+i(f) for each m = 1, 2,... and a.e. t G (r, T); 

(in) V'm(t) ^ z/||z(f)||^ as m —)> oo, for a.e. t G (r, T). 

Indeed, statement (i) holds, because u,z ^ T ; V) and PmZ G T ; V) for each m = 1, 2,... . 

Statement (ii) holds, because ||t/ < \\Pm+iz{t)\\v —\\z{t)—Pmz{t)\\v < —\\z{t)—Pm+iz{t)\\v 

for each m = 1, 2,... and a.e. t G (r, T). Statement (hi) holds, because Pmz{t) z{t) strongly in V as 
m —7> oo, for a.e. t G (r, T). 


Since ||z( 
yield 




G L}{t,T), then statements (i)-(iii) and Lebesgue’s monotone convergence theorem 


lim / ipm{s)ds = / lim 'il)m{s)d. 
m—>-oo J^ J^ m—>-oo 

for each t G [r, T]. Inequality (12.41 ) implies 


s = 


|z(s)||^ds, 


(2.5) 


L\\P,nZ{t)\L + V j 'llJm{s)ds = J + i^mis)ds < 0, ( 2 . 6 ) 


for each m = 1, 2,... and t G [r, T]. We note that the equality in (12.61) holds, because z(r) = 0. 
Equality (12.51) and inequality (12.61) yield that 




j lk('S)||yc(s < 0, 


for a.e. t G (r,T), because Pmz{t) —)• z(f) strongly in H for a.e. t G (r,T). Thus, z(f) = 0 for a.e. 
t G (r, T). Since z G C{[t, T]]V*), then z = 0, that is. Problem (C) on [r, T] with (rt, 0, 0) G Ut-,t has the 
unique solution z = 0. □ 
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The following theorem establishes sufficient conditions for the existence of an unique solution for Prob¬ 
lem (C). This is the main result of this section. 

Theorem 2.2. Let —oo < t < T < +oo, yr € H, f € L'^ {t,T] V*) + H), and y be a weak 

solution of Problem on [r, T]. Then (y, /, yf) G Ur,T and Problem (C) on [r, T] with (y, f^yr) G Ut.t 
has the unique solution z = y. Moreover, y satisfies inequality f l7.5D . 

Before the proof of Theorem l2.2l we remark that AC{[t, T]; Hm), m = 1,2,, will denote the family 
of absolutely continuous functions acting from [r, T] into Hm, m = 1,2,.... 

Proof of Theorem U~7\ Prove that 2 : = y is the unique solution of Problem (C) on [t,T] with {y,f,yr) G 
Ut,t- Indeed, y is the solution of Problem (C) on [r, T] with (y, f, y^) G because y is a weak solution 
of Problem (11.11) on [t,T]. Uniqueness holds, because if 2 is a solution of Problem (C) on [t,T] with 
( 2/5 /) Ut) G UT-,r! then 2 ; — y = 0 is the unique solution of Problem (C) on [r, T] with (y, 0,0) G Ut-,t (see 
Theorem 12. 11 1. 

The rest of the proof establishes that y satisfies inequality (11.51 ). We note that y can be obtained via 
standard Galerkin arguments, that is, if y^ G AC{[t, T]-,Hm) with -^Um G L^{t, T; Hm), m = 1,2,..., 
is the approximate solution such that 


dyn 


dt 


T nAym T PmB (y , ym) — Pmf, iri Hm, ym ('^) — PmUit )) 


(2.7) 


then the following statements hold: 

(i) Um satisfy the following energy equality: 

Pi 


^\\ym{tl)f + nj^ \\ym{^)\\vd(- {f{0,ym{0)d^ 

= ^\\ym{t2)f + n WymiOWvd^-{f{0:ym{0)d^, 
for each ti,t 2 G [r, T], for each m = 1, 2,... ; 


( 2 . 8 ) 


(ii) there exists a subsequence {ymft.}fc=i, 2 ,... G {ym}m=i, 2 ,... such that the following convergence (as 
m ^ 00 ) hold: 

(ii)i y^fc 27 weakly in L2(r,T;U); 

(ii )2 2/mfc 27 weakly star in L°°(r, T; 77); 

(ii)3 Pm^B {u, ymk) ^ B {u, y) weakly in Lf{T, T; 1/3*); 

2 

( 11)4 Pmkf f Strongly in L‘^{t,T-,V*) + L^{t,T;H)\ 


(ii)£ 


dy, 


ruk 


dy 


weakly in L‘^{t, T; U|) + L\t, T; H). 


dt dt 2 

Indeed, convergence (ii)i and (ii )2 follow from (12.81) (see also Temam ifTSl Remark III.3.1, pp. 264, 282]) 

-II iii 

and Banach-Alaoglu theorem. Since there exists (7i > 0 such that |6(ri, u, re)| < (7||tt||y||t(;||v||u||y ||u|| 2 , 
for each u,v,w G V (see, for example, Sohr ifTTl Lemma V.1.2.1]), then (ii)i, (ii )2 and Banach-Alaoglu 
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theorem imply (ii) 3 . Convergence (ii )4 holds, because of the basic properties of the projection operators 
Convergence (iijs directly follows from (iijs, (ii )4 and (I2.7I) . We note that we may not to 
pass to a subsequence in (ii)i-(ii) 5 , because z = y is the unique solution of Problem (C) on [r, T] with 

(y, f, Vt) € l]r,T- 

Moreover, there exists a subsequence {ykj}j=i, 2 ,... C {ymk}k=i, 2 ,... such that 

Vkj (t) —^ y{t) strongly in H for a.e. t G (r, T) and f = r, j —)■ oo. (2.9) 

Indeed, according to (|2Jl), dH) and (ii) 3 , the sequence {ymk-Fmk]k=i, 2 ,..., where Fm^{t) := Pmkf{s)ds, 
m = 1, 2,... , f G [r, T], is bounded in a reflexive Banach space WV,r := C T]V) : 

L^(r,T; 1 / 3 *)}. Compactness lemma yields that Wr,r C H) with compact embedding. There- 

fore, (ii)i-(ii )5 imply that ymk V strongly in L^(r, T; H) as m —)• 00 . Thus, there exists a subsequence 
{ykj}j=i, 2 ,... C {ymk}k=i, 2 ,... such that dm holds. 

Due to convergence (ii)i-(ii )5 and (12.91) . if we pass to the limit in (12.81) as —)• 00 , then we obtain 

that y satisfies the inequality 

1 lluWII" + lls/KjlK-rfS - < \ur)f, P-10) 

for a.e. t G (s, T), a.e. s G (r, T) and s = t. 

Since y G L°° (r, T; Tf)nC([T, T]; V*) and H C V* with continuous embedding, then y G C{[t, T]; 
Thus, equality (12.101) yields 

\\mf + •'I' Mowvdi - < \ur)f, 

for each t G [r, T], a.e. s G (r, T) and s = t. Therefore, y satisfies inequality (11.51) . □ 

3 Proof Theorem 11.11 

In this section we establish the proof of Theorem ll.il Let be the restriction operator to the finite time 
subinterval [^ 1 ,^ 2 ] C [r, T]; Chepyzhov and Vishik |[5l . 

Proof of Theorem 177/1 Let —00 < t < T < + 00 , yr ^ H, f € + L^{t,T; H), and yhe a 

weak solution of Problem (11.11) on [r, T]. 

Let us prove statement (a). Fix an arbitrary s G [t, T). Since {Ils^Ty,P-s,Tf,y{s)) G then 

Theorem I2.2l vields that Ils,Ty S L°°{s, T; H) and it satisfies the following inequality: 

Vr{y{t)) <Vr{y{s)) forallf G [s,r], 

where I 4 is defined in formula (11.61) . Since s G [r, T) be an arbitrary, then statement (a) holds. 

Let us prove statement (b). Statement (a) yields 

t|l!/(‘)ll" + ll9({)llv-< - < t|l!/(s)ll", (3-1) 
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for each t G [s, T], for each s G [r, T). In particular, limsupj_^s+ lly(OII ^ lly('®)ll foi" ^ ^ ^)> 

y{t) —7> y(s) strongly in as f —s- s + for each s G [r, T), (3.2) 

because y ^ C ([r, T];H^). 

Let us prove statement (c). Since y G L^(t, T; F) nL°°(r, T; Lf) and f £ L"^ {t,T-,V*) + L^{t,T; H), 
then statements (a) and (b) imply that the mapping f —>■ ||y(f)|p is of bounded variation on [r, T]. □ 
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